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a =-0.5 (red), a = -0.75 (green), a = -1 (blue):
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1 ¥ W52 (redshift distortion)
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Extended Schmidt law (Shi et al. 2011)
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Fundamental metallicity relation
(FMR)

* M., gas-phase metallicity, SFR (Mannucci et al.2010)
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Local MZ relation: Surface mass density Barrera-Ballestero et al. 2016
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Famous linear scaling relations in
astronomy

* period -luminosity relation of Cepheids
* Mg -orelation

* Tully-Fisher (L - V) relation

* Fundamental plane of ellipticals

e [-T, L-orelation of groups and clusters

 All are statistical scaling relations, none of them are
first principle like F=ma



Nature of the scaling relations

* Observables: (x;, y;) with error (A, ;, A;)
* First, we should find some correlations, e.g. rank analysis
* To the first order, all the correlations are linear

*Y=a*X+b+o
e o isthe intrinsic scatter, may not be a constant

* Observables maybe biased
* e.g.some low-luminosity galaxies are not observed at given V,__,

 Some observables may only be upper limits
* E.g. we only get the upper-limit of L, of some cluster



Ordinary Linear regression
OLS(y|x)

* y. with measurement error G,

ol y;i —a — bx ?
2(0 b) — Yi —a — bx;
b = Y (L)

i=1

Code: 7/t in numeric recipes



Error on both x and y

N :
. —a — bx;)?

2 (i
X" (a,b) :Z J R

i=1 yi T 1
Code: fitexy in numeric recipes

b ~ biased to infinity



Caveat: choose proper
parameterization

* If we fit M =alog W+ b,

a will be biased to
smaller values e

better : il

Luminosity log L,

* At given M, no obvious in /. Obvjdus Malmquist bias here
61.0 1.5 2|.0 Z‘A.S

Hi-linewidth log dv,



Eddington(Malmquist) bias

* Distance dependent observable
* Eddington (1915) Malmquist(1920)

* In magnitude limit sample, more faint source
scattered in than bright source scattered out

+ 5
raviy £ .
+ '+ : . T
++_|_+ : _|__|_ —|— | "’ Sloper-
+
o
Ly

Log(distance)



Six different linear regression

e Reference
* Linear regression in astronomy | (1990, ApJ,364,104)
* Different regression method

* Linear regression in astronomy (1992ApJ...397...55)
* Truncated, censored data

* IDL code: sixlin
e Ordinary Least Squares (OLS) Y vs. X (c.f. linfit.pro)
Ordinary Least Squares X vs. Y
Ordinary Least Squares Bisector
Orthogonal Reduced Major Axis ;
Reduced Major-Axis
Mean ordinary Least Squares



X

Fig. | —Ilustration of the different methods for minimizing the distance of
the data from a fitted line: (a) OLS(Y | X), where the distance 15 measured
vertically; (b) OLS(X | Y), where the distance is taken horizontally; (c) OR,
where the distance 1s measured vertically to the line; and (d) RMA, where the
distances are measured both perpendicularly and horizontally. No illustration
of the OLS bisector is drawn in this figure.

e The applicability of the procedures is dependent on the nature of the
astronomical data under consideration and the scientific purpose of the
regression.

e For problems needing symmetrical treatment of the variables, the OLS
bisector performs significantly better than orthogonal or reduced major-axis

regression.



Error on both x and y and with a
constant intrinsic scatter o

l
InlL = — EZ In (0% + Jﬁi + a?'r:r_,ig)

I

i

v: — (ax; + b)|°

a Z [J: ( 2* 3] s— 1 constant.
: 2((1"" -1 fT},?i + HHJIJ)



BCES (Akritas & Bershady, ApJ 470,
706 1996)

* Regression with correlated measurement errors
and intrinsic scatter
e allows for measurement errors on both variables

e allows the measurement errors for the two variables to
be dependent

 allows the magnitudes of the measurement errors to
depend on the measurements

* Intrinsic scatter: constant

 IDL code: BCES.pro (BCES: bivariate, correlate errors
and scatter )



Special cases



Robust estimation

i ) /’?ggt?;}'peak
e Data with outlier

D y; — y:;.'r,-:a;: tail of
mMimnmize OVeET a E P

/outliers
7 o= d

(@)

™~ rabust straight-line fit

(b)
See Numer/c rec,;oes C]5 7 Figure 15.7.1. Examples where robust statistical methods are desirable: (a) A cne-dimensional

distnbution with a tail of outliers; statistical fluctuations m these outliers can prevent accurate determination
of the position of the central peak. (b) A distribution in two dimensions fitted to a straight line; non-robust
techniques such as least-squares fitting can have undesired sensitivity to outlying points.



Truncation due to flux limits

Malmquist bias in Hubble diagram (Deeming, Vistas Astr 1968, Segal, PNAS
1975)



Censoring due to non-detections

Presented for astronomy by Isobe, Feigelson & Nelson (ApJ 1986)
Implemented in Astronomy Survival Analysis (ASURV) package



A more straight-forward way

Especially when amount of data is large in modern surveys

First, at given bin of x, what is the distribution of y after
correction for selection bias?

* |Isy Gaussian distributed? What is the scatter compared with its
measurement error?

Then what is the PDF(y|x) changes as function of x
* |s this relation linear or non-linear?

Build the likelihood function and fit the model parameters



L — R relation of galaxies (Shen et al. 2003)

M, =-23.75

We find, after
correction for selection
effect, at given Mr, Log
R is intrinsically
Gaussian distributed.

Data is
biased here
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Rs, (kpe)

o Early type {¢>2.88)
s late type (c<Z2.86)

-16 -18 -20 —-22 —-24

Intrinsic scatter is not a constant

We plot P(R|M) as
function of M.



