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Linear Regression

• A set of N data points (��, ��) 
• A straight-line model:

���� = ���; �, �� = � + ��
y: dependent variable
x: independent variable
a, b: regression coefficients

• Measure how well the model agrees with the data



Famous linear relations in astronomy

• Period -luminosity relation of Cepheids
• Absolute magnitude-Metallicity relation of RR Lyrae
• MBH- relation
• Tully-Fisher (L - Vmax) relation
• Faber-Jackson (L~�) relation
……
All are statistical scaling relations, none of them are first 
principle like F=ma



Six methods for linear regression
• OLS(Y/X) (standard ordinary least squares)---a
Minimizes sum of square of  vertical distances
• OLS(X/Y) (inverse line)--------------------b
Minimizes sum of square of  horizontal distances
• OLS bisector
Bisects the angle formed by the two lines
• OR (Orthogonal regression)---------------c
Minimizes sum of squares of perpendicular distances
• RMA (Reduced major-axis)----------------d
Geometric mean of the two slopes
• Mean OLS
Arithmetic mean of the two slopes

Isobe, Feigelson, Akritas & Babu, ApJ 364, 105 1990 
Feigelson & Babu, ApJ 397, 55 1992 



Formulae for six Linear Regression Slopes

Isobe, Feigelson, Akritas & Babu, ApJ 364, 105 1990 
Feigelson & Babu, ApJ 397, 55 1992 



Formulae for six Linear Regression Intercept

Isobe, Feigelson, Akritas & Babu, ApJ 364, 105 1990 



Structural regression models

OLS(X/Y)

OLS(Y/X)

Four symmetrical 
regression lines



Some Guidelines:

1. Avoid specifying variables:
• OLS(Y/X) 
• OLS(X/Y) 

2. Treat variables symmetrically:
• OLS bisector
• OR (Orthogonal regression)
• RMA (Reduced major-axis)
• Mean OLS



Models

1. Unweighted linear regression models
• Functional regression: 
The true points lie precisely on the line (��, ��)
• Structural regression :
The true points are scattered about the line
(��, ��, X, Y, ��, ��)
(Isobe, Feigelson, Akritas & Babu, ApJ 364, 105 1990)

2. Measurement error and unknown intrinsic scatter
• Direct generalization of the OLS
• Weighted least-squares (WLS)
(Akritas, 1996, apj, 470, 706)



Data with Errors in Y 

Some notations:

• chi-square merit function: 

• derivatives of ��(a, b):

•  The solution for the best-fit model parameters a and b:



Data with Errors in Y 

• With the propagation of errors: 

• The derivatives of a and b with respect to ��:

• The variances in the estimates of a and b:



Data with Errors in Both Coordinates

•  ��� , ��� the x and y standard deviations for the ith point

• derivatives of ��(a, b):



Data with Errors in Both Coordinates



Data with intrinsic scatter and measurement error

(Tian et al. 2021)

Example:



Code about least-square

• Linear regression for data with measurement errors and intrinsic scatter (BCES)：
https://github.com/rsnemmen/BCES

• An alternative approach using Stan (python version) :
https://github.com/astrobayes/BMAD/blob/master/chapter_4/code_4.11.py


